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THE APRIL MEETING OF THE CHICAGO SECTION. 


Tue first formal gathering of members of the AmERICAN 
MatTHEmMATICAL Society outside the places appointed for 
regulai meetings took place at the University of Chicago 
in December, 1896. At this conference steps were taken to 
organize a section of the Society, which should have no inde- 
pendent interests but which should hold frequent meetings 
for the presentation of mathematical papers and the discus- 
sion of mathematical topics. Accordingly, the by-laws of 
the Society having been enlarged so as to admit of the for- 
mation of sections at convenient points, the Chicago Section 
was duly organized at a second conference held in April, 
1897. Since then meetings have been held éwice a year at 
regular intervals, and much benefit from a scientific point of 
view has accrued to those who have been so situated as to 
be able to attend. 

The fifth regular meeting of the Section was held at 
Northwestern University, Evanston, on Saturday, April 1, 
1899. The total attendance was twenty-four including the 
following members of the Society : 

Professor Oskar Bolza, Professor E. W. Davis, Professor 
L. W. Dowling, Dr. Harris Hancock, Professor A. 8. Hath- 
away, Professor Thomas F. Holgate, Mr. H. G. Keppel, Dr. 
Kurt Laves, Professor H. Maschke, Professor Malcolm Mc- 
Neill, Professor E. H. Moore, Professor J. B. Shaw, Dr. H. 
F. Stecker, Professor H. 8. White, Professor C. B. Williams, 
Professor J. W. A. Young. 

A morning and an afternoon session were held, opening at 
10:30 and 2:30 o’clock respectively. The First Vice-Presi- 
dent of the Society, Professor E. H. Moore, occupied the 
chair. During the interval between the sessions the mem- 
bers took lunch together, the hour thus spent in social 
intercourse adding much to the interest of the meeting. 

The following papers were read : 

(1) Dr. Harris Hancock: ‘‘ Primary functions.’’ 

(2) Professor E. W. Davis: “The group of the trigono- 
metric functions.’’ 

(3) Professor H. MascuKe: ‘‘On the continuation of a 
power series.”’ 

(4) Dr. Kurt Laves: ‘‘ Lagrange’s differential equations 
wide solid of variable form derived from Hamilton’s prin- 
ciple.’’ 

(5) Professor E. H. Moore: ‘‘The decomposition of 


| 

| | 
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modular systems connected with the doubly generalized 
Fermat theorem (second communication ).’’ 

(6) Professor James B. Saaw : ‘‘ Some generalizations in 
multiple algebra and matrices.” 

(7) Professor J. W. A. Youne: ‘‘ On the first presenta- 
tions of the fundamental principles of the calculus.’’ 

(8) Professor A. S. Harsaway: ‘‘A new. method of 
presenting the principles of the calculus.’’ 

(9) Professor E. H. Moore: ‘‘On the subgroups of 
abelian groups.”’ 

(10) Mr. Cart C. Encpere: ‘‘A modification of the 
theory of the characteristics of evolutes (preliminary com- 
munication 

(11) Dr. L. E. Dickson: ‘‘ Certain universal invariants 
of linear modular groups.”’ 

(12) Dr. L.,E. Dickson: “Concerning the four known 
simple groups of order 25920.”’ 

In the absence of the authors the paper by Mr. Engberg 
was presented by Professor Davis and those by Dr. Dickson 
were read by Professor Moore. Abstracts of the papers are 
given below. 


Dr. Hancock’s paper was an introduction to certain, in- 
vestigations undertaken by the author in Kronecker’s mod- 
ular systems. After a short account of the realm of ration- 
ality, modular, ideal, and prime ideal, the congruence 


2” —z=0(mod p), 


was discussed, where f is the degree of the prime ideal gp, and 
p is the smallest prime integer that is divisible by p. It was 
shown that, if h is a divisor of f, 2” — x=[] P(x) (modp) 
where P(z) is an integral prime function whose degree is 
equal to h or a divisor of h, and where the product is taken 
over all such divisors. The coefficient of the highest power 
of z in these functions is unity. Such functions are called 
primary. The number of primary functions that occur in 
the above product is denoted by X,. It follows at once that 
p* = >dX,, where the summation is taken over all numbers 
d that are divisors of h. The quantities X,, X,, ---, X,,-- 
may be found by equating the coefficients of like powers of 
z in the identity P 
1—pr=T] (1 — 
d=1 


In Professor Davis’s paper it was pointed out that the ex- 
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pressions sin’ #, — tan’ 0, sec’ 8, cos’ 8, — cot? cosec’ can 
all be obtained from any one by the operations of subtrac- 
tion from unity and reciprocation. Call these operations S 
and D, respectively. Then the trigonometric expressious 
above have the group generated by S, D. In fact, the six ex- 
pressions are six cross ratios. Instead of the operations 
S and D we can use the substitution group generated by 
(x, y) and (z, r), the trigonometric functions having the usual 
definition in terms of x, y, and r. This substitution group 
is isomorphic with the operation group, but to an element of 
the one group does not always correspond the same ele- 
ment of the other. For example, to (z, y) which changes 
each function into its co-function, corresponds S, D, or SDS, 
according as the function operated on is sin 4, tan @, or sec 4. 
If @ be the gudermannian of u, so that sin’? @ = — tan’ iv 
with similar changes for the other expressions, then the 
substitution (y, r) changes the functions of iu into the com- 
plementary functions of iu, while if iv be complementary to 
au the substitution (z, r) will likewise change functions of 
iv into complementary functions. 


Professor Maschke’s paper contained some simple and 
exceedingly interesting geometrical investigations on the 
continuation of a power series. The paper will be offered 
for publication to the American Journal of Mathematics. 


The paper by Dr. Laves, the character of which is clearly 
indicated in the title, will be published in the Astronomical 
Journal. 


In Professor Moore’s first paper the theorem deduced 
was of the nature of a converse of the Fermat theorem, 
and in the pure arithmetic of the realm of rational] integral 
functions of n indeterminates y,, ---, y, with indeterminate 
coefficients. The paper will probably be published in the 
Mathematische Annalen. 


Professor Shaw’s paper presented the following consider- 
ations: (1) Hamilton’s S may be made to apply to a field 
of order n,, the units being «,, ¢,,---,¢,, by defining it thus 

8. + 2,8, +26, = 


(2) the Peirce vid ¢,:¢,is represented thus «Se,; (3) a matrix 
is an operator of the form (4) if Sas, Lhe, 
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then Saf = S8a = Sab,; (5) we may define Ap,p, --- p,_, by 
the form 


*s, 

(n—1) (n—1) (n—1),., (a—1) 
qs Za 


thus rendering several quaternion formulas susceptible of 
generalization for multiple algebra ; and finally (6) by a 
process exactly that of Hamilton’s for the linear vector 
operator of quaternions we may deduce the characteristic 
equation of a matrix. The paper is intended for publi- 
cation in the American Journal of Mathematics. 


Professor Young presented in synoptic form the ideas of 
Leibnitz and Newton concerning the foundation principles 
ofthe calculus, with casual references to some of the objec- 
tions made at the time to their reasoning. 


Professor Hathaway stated briefly the objections to each 
of the usual modes of presenting the calculus and then 
proceeded to outline a method which is essentially Newton’s 
original method of treatment as presented by Hamilton in 
his Quaternions, adapted to modern difference notation, and 
which gives a process of differentiation that is more general 
than derivatives or rates, since it may be applied to func- 
tions of one, two, or more variables with equal facility and 
to functions that have no derivatives or rates. 


It was shown by Kronecker that every abelian group 
A of finite order may be exhibited generationally by means 
of a system of generators A(i=1, ---, 7) of respective 
periods a, and by pairs commutative. The generators may 
be chosen so that the periods a, are powers of primes, or 
say primary. To obtain a convenient form at once appli- 
cable to all abelian groups A of finite order, Professor 
Moore in his second paper (No. 9) introduces the generators 
A,(i, =1, 2, 3, --) of the respective periods and by 
pairs commutative, where p,(i = 1, 2, 3, ---) are the successive 
primes p, = 2, p, = 3, p, = 5, -- and the a,(i,j = 1, 2, 3, ---) 
are integers positive or zero, but in all only @ finite number 
being positive and such that a,=ay, if 7<j’. He calls the 


matrix (a,) (i, j = 1, 2, 3, ) 
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@ primary basal character of the abelian group A. This 
character obviously determines the (abstract) abelian 
group A uniquely. He then proves the following theorem : 

The necessary and sufficient conditions that a character 
(5,) = 1, 2, 3, ---), where the b, are integers positive or 
zero such that b, 2b, it i<j, be a primary basal character 
of a subgroup B of the abelian i? A having a primary 
basal character (a,) =1, 2, 3, ---), are 

b, =4, 


(i, 7 =1, 2, 3, )- 


To this theorem is attached the corollary : The group A has 
but one primary basal character. The corollary is the Fro- 
benius and Stickelberger theorem of the primary invariants 
of the abelian group A, while the theorem is as to content 
the correction of an incorrect one stated by Burnside in 
§43 of his treatise. 


Mr. Engberg pointed out in his preliminary communica- 
tion that Salmon’s theory of the characteristics of evolutes 
fails when the curve has multiple points at the circular 
points at infinity. Cayley worked out a complete theory 
for unicursal curves (Collected Works, vol. 8), but this had 
not been done for curves in general. The paper presented 
was an attempt to supply this deficiency ; when completed 
it will be offered for publication to the American Journal of 
Mathematics. 


Dr. Dickson’s first paper stated that the author had 
found two essentially different proofs of the following gen- 
eral theorem: The group of all linear homogeneous sub- 
stitutions on m indices taken modulo 2 leaves invariant the 
function s, + 8, + 8, + --- +.8,, where s, denotes the elemen- 
tary symmetric function summed for every com- 
bination of the m indices z, taken r together. The following 
theorem is verified immediately, viz.: Every linear homo- 
geneous substitution of determinant D on m indices with 
coefficients belonging to the GF[p"] multiplies by D the 
following relative invariant : 


—1) a(m — 1) — 1) 
P 
|, 
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In Dr. Dickson’s second paper (No. 12), which is intended 
for publication in the Proceedings of the London Mathematical 
Society, an abstract group H is constructed, of order 25920, 
simply isomorphic with each of the four simple groups ob- 
tained by the decomposition of the following four linear 
homogeneous groups : 

(1) The abelian group on four indices modulo 3. 

(2) The second hypoabelian group on six, indices mod- 
ulo 2. 

(3) The orthogonal group on five indices modulo 3. 

(4) The hyperabelian group on four indices in the 
GF[2’}. 

The abstract group H is generated by six operators sub- 
ject to the complete set of generational relations 


B? = = BZ = BZ = BZ = 1, 
(B,B,) = (B,B,)' = (B,B,)' = (B,B,) = 
(BB, = (BBY = (BB) = (BB = B,B,)* 


= (B 3 B,)’ = 1; 


=1, BB, = B.B, BB, = B,B, BB, = B,B, 

5) ) BB, ='B,B, (BB.)* = B.B 

(>) = (B,B.B,B,B,)’, 
(B,B,B,B,B,)( B,B) = B 


The operators B,, B,, B,, B,, B,, subject to the relations 
(a), generate a subgroup simply isomorphic with the sym- 
metric group on six letters (Moore’s Theorem A, ‘‘Concern- 
ing the abstract groups of order k !’’ etc., Proceedings of the 
London Mathematical Society, vol. 28, no. 597). 

The group H is proven simply isomorphic with the sub- 
stitution group of order 25920 on 36 letters generated by 
the following three substitutions, the first two of which 
generate a subgroup simply isomorphic with the symmetric 
group on six letters (Moore’s Theorem A’, 1. c.): 


[B,] : (5, 6) (9, 10) (11, 12) (14, 15) (18, 19) (20, 21) (23, 
24) (25, 26) (29, 30) (31, 32) (35, 34) (35, 3 


[C] : (2, 6, 17, 3, 15, 8) (4, 10, 16, 20, 14, 11) (5, 21, 13, 
, 7, 12) (23, 34, 27, 26, 35, 30) (9, 18) (22, 29) 
(24, 36, 28) (25, 32, 33). 


[B] : (1, 2, 3) (4, 13, 22) (5, 14, 23) (6, 15, 24) (7, 16, 
27) (8, 17, 28) (9, 18, 25) (10, 19, 26) (11, 21, 30) 
(12, 20, 29). 
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The next meeting of the Section will be held at the Uni- 
versity of Chicago on Thursday and Friday, December 28 
and 29, 1899. 

Tuomas F. Houearte, 


Evanston, ILL. Secretary of the Section. 


AN ELEMENTARY PROOF THAT BESSEL’S FUNC- 
TIONS OF THE ZEROTH ORDER HAVE 
AN INFINITE NUMBER OF 
REAL ROOTS. 


BY PROFESSOR MAXIME BOCHER. 


(Read before the American Mathematical Society at the Meeting of Febru- 
ary 25, 1899. ) 


TuE only elementary proof * with which I am acquainted 
that the function 


has an infinite number of real roots is the one originally 
given by Bessel (cf. Gray and Mathews: Treatise on Bessel 
Functions p. 44). I wish to call attention to a second 
elementary method of proving thistheorem. Although this 
method is tolerably obvious I do not think it has been used 
for this purpose before. 

In the first place, it is clear from the series for J,(z) that 
this function has at least one positive root ; for if we substi- 
tute in this series first the value z = 0, and then the value 
xz = 3, we get first a positive and then a negative value. 
Let us denote the smallest positive root of J,(z) by ¢,a 
quantity whose value can be readily computed as 2.405---. 

We will now prove the theorem : 

Any real solution of the differential equation 


+ 


@) de * zdzt ¥=° 


has an infinite number of real roots. 


*The proofs frequently met with, one depending on the asymptotic 
value of J,(z), and the other on what I have called (cf. BULLETIN, vol. 4, 
p. 298) Sturm’s theorem of comparison, cannot be regarded as elementary 
as they depend on general theorems which can hardly be proved rigor- 
ously without some rather delicate analysis. 
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Since J,(z) is a particular solution of (1) the theorem 
just stated includes as a special case the theorem we set out 
to prove. The proof of our theorem follows. immediately 
from the following formula in which F(z) denotes any real 
solution of (1), a a positive constant, and z a real quantity 
confined to the interval a>2z>—a 


(2) nF(a)J,(2) = a? + — 2az cos ¢ dg. 


If in this formula we let a>c and z= ¢, we get 


ody = 0. 


Now as ¢ varies from 0 to z the argument of F varies from 
a—ctoa+e. Therefore F(x) is zero for some value of z 
between these limits, which it should be noticed are any 
two quantities either both positive or both negative and dif- 
fering by 2c. We have thus proved that every real solution of 
(1) has at least one root in any interval of length 2c = 4.810 ---, 
not including the origin, and therefore an infinite number of real 
roots. Incidentally we have found an upper limit (not very 
close to be sure) for the difference between two successive 
roots. 

Although formula (2) which we have here used is not 
unfamiliar* it is perhaps well in order to bring out its thor- 
oughly elementary character to deduce it here from first 
principles. In doing this I use a method not essentially 
different from that used by Heine in his Handbuch der 
Kugelfunktionen, second edition, vol. 1, § 83.¢ 

Letting y = F “a? + z* — 2az cos ¢ we find by direct com- 
putation that the first member of (1) reduces to 


[ —asing 
+ 2? — 2arcos¢ 
We see therefore that 


is, provided that |z|-+-a, a solution of (1). Moreover this 
integral does not become infinite when z= 0, and since 
*It is not contained in Gray and Mathews’s Treatise although the 


special case in which F —J, follows immediately from formula (69) of 
that book. 


¢ An entirely different method is given in 3 84. 
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every solution of (1) linearly independent of J, (x) does be- 
come infinite when z=0 we see that the above integral 
must be equal when a > z > —<a to a constant multiple of 
J,(z). By letting zs = 0 we see that this constant has the 
value zF(a). 


I have arranged the above treatment so as to avoid any 
reference to partial differential equations. It is, however, 
very closely connected with the following theorem : 

Any solution of the equation 


(3) sot 


which together with its first and second partial derivatives is single 
valued and continuous throughout a certain region of the (x,y)- 
plane will change sign at two or more points of any circle of radius 
¢ = 2.405 --- which lies wholly in this region.* 


* Cf. H. Weber, Math. Annalen, vol. 1, p. 10, or for a less simple proof 

Pockels's book: ‘‘Ueber die partielle Differentialgleichung 4u+k*u — 0,’? 
. 217. 

* I take this opportunity of referring to another point in Pockels’s book 
(pp. 225-228). It was here, I believe, that the theorem was for the first 
time stated and proved that at a point at which m curves u = 0 cross each 
other (u being a solution of the equation Au + k*u—0) they make angles 
m|/n with one another. The method of proof there used seems to me un- 
satisfactory from the point of view of rigor, at least in the general case in 
which k* is a function of (z, y). The following proof will, I think, be 
found rigorous and if possible even simpler than Pockels’s proof. We 
will consider at once the more general differential equation 


, Ou Ou 

where 9, x, ¥ are at the point in question (which for simplicity I take as 
the origin) analytic functions of (z, y). Weknow (Cf. Picard: Journal 
del’Ecole Polytechnique, Cahier 60, p. 91) that any solution u of the above 
equation which, together with its first and second partial derivatives, is 
continuous throughout a region including the origin will be analytic at 
the origin. Developing «u by Maclaurin’s theorem we get (since the curve 
«= 0 is to have a multiple point at the origin) = un+1+ where 
«, is a homogeneous polynomial of degree k. Substituting this in the 
differential equation we see at once that wu, satisfies Laplace’s equation 
and, therefore, uw. —0 represents n straight lines through the origin mak- 
ing angles /n with one another, and these lines are the tangents to the 
curve u = 0 at the origin. 

By the same method wesee that if the curve u = c ( where cis a constant 
different from zero) has a multiple point of the nth order at P, the tan- 
gents at this point will make angles /n with one another when and only 
when the curve 7 = 0 has a multiple point at P of order at least n —1. 
(In order that «—c should have a multiple point of the nth order at P 
it is necessary that 7 — 0 should have there a multiple point whose order 
is at least n —2.) 

It is hardly necessary to add that these same methods admit of appli- 
cation to the similar problems in space of three dimensions. 
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This theorem can also be immediately applied to Bessel’s 
functions whose order is not zero. Let F(z) be any real 
solution of Bessel’s equation 

1d n? 
(4) +z det (1-3) 
Using polar coordinates r, # we have as a solution of (3) 
when n is real 
u=cosnd- F(r), 


when » is pure imaginary 
F (r). 


Applying the theorem just quoted to these solutions we get 
the theorems : 

If n?=1, F(x) vanishes at least once in any interval of length 
2e = 4.810 --- which does not include the origin. 

Ifn> 1, F(x) vanishes at least once in any interval of length 2e 


throughout which |x| > [eon —1 |: 


As a special application I note.that we thus get an upper 
limit for the value of the smallest root of F(z) and thus in 
particular of J,(z). 

HARVARD UNIVERSITY, 

CAMBRIDGE, Mass. 


A GENERALIZATION OF APPELL’S FACTORIAL 
FUNCTIONS. 


BY DR. E. J. WILCZYNSKI. 


( Read before the American Mathematical Society at the Annual Meeting, 
December 28, 1898. ) 


Ler F(s, =0 


be an algebraic equation defining s as function of z. Let R, 
the corresponding Riemann’s surface, be of class p. By a 
system of crosscuts a,, ---,a,; b,,---, the (2p + 1)- 
ply connected surface RF is changed into a simply connected 
surface F.,.. 
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We can solve the following problem : Construct a func- 
tion ¢(z) of a point on this surface, a given branch of which 
is multiplied by a given uniform function of z and s when- 
ever the point crosses one of the crosscuts. It is not in gen- 
eral possible to construct such a function ¢(z) which is uni- 
form on R,,. Except in special cases there will arise new 
branch points for ¢(z) upon this surface, but it is possible 
to describe the behavior of the function at those points, as 
well as to give the conditions for their non-occurrence.* 

Call generally 4 a point on the left, and p a point on the 


right side of any crosscut. Then oe is to be a uniform 


function of s and z for every crosscut. A slight modifica- 
tion of Appell’s proof, which applies to the case of constant 
factors, shows that these multipliers must equal unity for 
the crosscuts c,, which we therefore can suppose to be re- 
moved. Also the factor belonging to }, is the same func- 
tion for both parts of the crosscut. 

We proceed then to construct a function ¢(z) which has 
the properties that 
along a, = 


along }, ¢(4) = n,¢(e), 


where m, and n, are arbitrarily given uniform functions of 
and z. 

Let w,(z), w,(z), --, w,(z) be the p normal integrals of the 
first kind. Their moduli of periodicity are exhibited in the 
well known table 


Crosscut. a, | a, | i | ap | 5, b, bp 
W, | 0 0 bay boo bap 

where b, = 5,,. 

It is clear then that 

(1) (2) log m+ (2) 10g mg +... + wp(2) log mp] 


= 
has the required factors for the crosscuts a,, so that 


* A similar generalization of the functions defined by linear differential 
equations appears in the April number of the Amer. Jour. of Math. 


(k= 1, 2, 
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4 
2 — 
(2) 
has the factors unity for a,. For crosscut 6, we have 
= n,¢(p) 


1 
— (bu log m, log m, +... + log mp} 
= n(e)e™ 


Hence E(A) = &(p) along crosscut a, , 
E(a) == 2,8(p) along crosscut ,, 
where 
1 
(3) log #, = log n, — a [6,, log m, 


+ b,, log m, + --- + 5,, log m,]. 

Now we can determine p quantities v,, v,, ---, v, in such @ 
way that the following function, which we can then call 
&(z), has these properties, viz. : 

(4) E(z) = e7174,8,() + ¥,74,82(2) +... + 


®a,(2) denoting a normal integral of the third kind, which 
becomes infinite for c, and , as the expression 


log (2 — 8,) — log (2 —,). 


For, along a, = *ag,(p), 80 that = &(); and, 
along 
Tap(A) = + — 


So &(z) will have the required factors along ), if 


(5) log 25 u[w,(A,) w,(2,)] (k 1, 2, Pp). 


As a, and £, are perfectly arbitrary, we may choose them so 
that the determinant 


4=|w,(8) —w,(a)! (i,k=1,2,--,p) 


does not vanish. We can then determine 1,,---,v, so as 
to verify (5); v, will be a homogeneous linear function of 
log #,, log with constant coefficients, say 
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(6) = 2% log (t= 1, 2, --, p); 


v, being thus determined, 


P 


(7) (2) =e 


is a function with the required properties 
The most general function with these properties is 


f(z) 


where f(z) is a function whose factors at the crosscuts are 
all equal to unity. 

Let us proceed to examine the behavior of ¢(z) for all of 
the points of the Riemann’s surface. This function aside 
from the crosscut factors is obviously uniform in the vicin- 
ity of all points except a,, £,, and the zeros and poles of m, 
and 7. 

In the vicinity of 2, we have 


(2) = — log (2 + P(z—«,), 


where P(z—a,) represents an ordinary power series, and 
the other integrals, as well as log m, and log n,, are all uni- 
form in the vicinity of a, if we assume that the poles of m, 
and n, are different from a,and #,, Then if z describes a 
positive circuit around g,, 9(2) changes into 


A,¢(2) 
winere 
(k= 1,2,- 


A circuit around f, multiplies ¢(z) by 2 A? so that a circuit 


around a, and £, leaves ¢(z) unaltered, provided it is so 
taken as not to enclose any of the other critical points. 
We have just seen that in the vicinity of a, and £,, 


= P, (2 —a,), 
= Q, (2 — Ar), 


respectively. We have assumed that the poles and zeros of 
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m, and n, do not coincide with any of the points «, and £,. 
Hence for z= 4,, v, =», a finite quantity, and also the 
value v, = v,” forz = 8,. We can therefore multiply ¢(z) 
by finite powers of z — a, and z — #, respectively, so that 
the product does not become infinite for these values of z. 
We will then say that ¢(z) is regular in the vicinity of 
these points. 

In addition to these singular points 2, and f,, which we 
can call points of the first kind, we must consider the points 
of the second kind, viz. : the zeros and poles of m, and n,. 
They give rise to a double kind of multiformity in ¢(z). 

A circuit around a zero «, of m, multiplies g(z) by an ex- 
pression of the form 


(9) B,, = + + + + 


where ¢,, ¢,,°*,¢, are constants. It is seen at once that 
these factors B,, have the same value for all simple zeros of 
m,, say B,, and that for a zero of multiplicity 4 the factor is 
For simple poles the factor is 

Similarly a circuit around a simple “zero of n, multiplies 
¢(z) by a function C, which is just like B, except that it 
contains no integral of the first kind. 

But the zeros and poles of m, and n, give rise to multifor- 
mity in still another way. For the expression A, by which 
¢(z) is multiplied on making a circuit around :a, is itself 
multiplied by constants for circuits around the zeros and 
poles of m,and n,. Thus a circuit around a simple zero of 
m, multiplies A, by a constant D,, and a circuit around a 
simple zero of n, by a constant E,. Obviously if m, and n, 
are rational functions of s and z a circuit enclosing all of the 
poles and zeros of one of these functions and no other crit- 
ical points leaves A, unaltered. 

The points a, and £, also give rise to a secondary multi- 
formity other than that already mentioned. For a circuit 
around a, multiplies B, and C, by constant factors b,,, ¢,, for 
i=], 2, 9 Pe 

Finally B, and C,are themselves factorial functions, with 
constant crosscut factors equal to unity for the crosscuts a, 
and to F,,,G,, for B, and C, respectively at the crosscuts b,. 
Only in case F,, = G,,= 1, will all branches of ¢(z) have the 
factors m, and n, at the crosscuts. 

If g(z) denote any particular branch of our multiform 
function, every other branch is therefore found from it by 
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multiplying by all possib'e. combinations of the different fac- 
tors mentioned. 
There are altogether 
Tp + 4p’ 


factors of which 2p + 4p’ are constants. 

If m, and n, are rational functions of s and z whose poles 
and zeros are distinct from the points a, and £,, ¢(z) is 
everywhere regular. Every other function of the same kind 
is contained in the form 


¢(2)R(3,z), 


R(s, z) being a rational function of s and z. 

In general it is impossible to avoid the introduction of a, 
and f, as secondary branch points, however they may be 
chosen. But if there are relations between m, and n, so 
that », is a constant, all of the quantities v, may be taken 
equal to unity provided that f, and a, are chosen in accord- 
ance with the relation (5) putting v,= 1, or more generally 


(k = 1, 2, sug P); 


which can in general be done. A special case hereof is that 
of constant crosscut factors. The zeros and poles of m,and 
n, will still be branch points. /, and a, will be zeros and 
poles of ¢(z). 

If g(z) is to be uniform on the surface R,,, m, and n, 
must have the form 


m, =e PE 2) n, = ek (s, 2) 
where p, and c, are uniform functions of sand z. This still 
leaves ¢(z) muitiform in the vicinity of a,andf,. In order 
that ¢ (z) may be uniform there also, all of the quantities 
v, must be integers. But then according to (6) », must be 
constants, so that we are led back to the case just treated. 

If p, and «, are rational functions of s and z they can be 
represented as sums of integrals of the second kind and their 
derivatives. Suppose the simplest case, that all of the poles 
of p, and ¢, are distinct ; then p, and «, are linear functions 
of integrals of the second kind only. Our function ¢(z) 
then reduces to an exponential into which enter products of 


Z| 
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integrals of the three kinds. It can then be essentially con- 
sidered as a product of divers @ functions. 

All of these functions can appear as integrals of differen- 
tial equations, a fact which we hope to discuss on some future 
occasion. 

UNIVERSITY OF CALIFORNIA, BERKELEY, 

November 7, 1898. 


ON THE ARITHMETIZATION OF MATHEMATICS. 
BY PROFESSOR JAMES PIERPONT. 


(Read before the American Mathematical Society at the Meeting of 
February 25, 1899.) 


Introduction.*—The following lines are an attempt to show 
why arithmetical methods form the only sure foundation in 
analysis at present known. Certain general reasons are in- 
dicated in a very suggestive paper by Klein.f I have 
striven to carry these ideas further and indicate exactly why 
arguments based on intuition cannot be considered final 
in analysis. To do this I have grouped certain well known 
facts so as to support the conclusion which is formulated at 
the end of this paper. Doubtless a similar train of thought 
has occurred to others who have dwelt on this fascinating 
subject, lying on the border line between mathematics and 
metaphysics ; but I have seen nothing of the kind in print. 
The argument falls under two heads. The first deals with 
magnitudes or quantities (Grossen). It is very easy to 
point out the gross lack of rigor in this respect and to show 
how its correction leads inevitably to the modern theory of 
irrational numbers as developed by Weierstrass, Dedekind, 
or G. Cantor. The matter is so obvious that I have devoted, 
only a few lines to it. The second heading treats of our 
intuition. This requires more detail, and I have not hesi- 
tated to make the argument appeal to all by citing numer- 
ous examples. 


* These prefatory remarks have been added to the paper since its pre- 
sentation. 

t ‘‘ Ueber Arithmetisirung der Mathematik.’’ Gottinger Nachrichten 
(Geschaftliche Mittheilungen) 1895, p. 82. See also Miss Maddison’s 
translation in the BULLETIN, 2d series, vol. 2, p. 241. 
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We are all of us aware of a movement among us which 
Klein has so felicitously styled the arithmetization of 
mathematics. Few of us have much real sympathy with it, 
if indeed we understand it. It seems a useless waste of 
time to prove by laborious « and ¢ methods what the old 
methods prove so satisfactorily in afew words. Indeed 
many of the things which exercise the mind of one whose 
eyes have been opened in the school of Weierstrass seem 
mere fads to the outsider. As well try to prove that two 
and two make four! 

I wish to present a few reflections which, I hope, will 
destroy the easy confidence felt by the rank and file of our 
members in regard to matters of rigor and lead them to give 
the new movement more thoughtful attention. 

Let me begin by remarking that there is no absolute cri- 
terion of what constitutes rigor in a demonstration. Tkis 
is largely a personal matter ; it also varies greatly with the 
period. A large part of the reasoning of the last century in 
analysis would probably be accepted by no one to-day as 
rigorous. Finally we remark that it is not necessary or 
even advisable to be equally rigorous at all times. In a 
vast and almost unexplored region where the notions dealt 
with are half defined and still plastic, where the methods 
improvised at each step are too novel to be completely tested 
we certainly will allow the greatest freedom to the intuition 
and divining power of creative effort. 

There are, however, a few standards which we shall all 
gladly recognize when it becomes desirable to place a great 
theory on the securest foundations possible. We should 
begin with afew simple and evident concepts and postulates 
and. demand that all other notions be defined with all pos- 
sible clearness by the aid of these. We should admit no 
demonstration which was not rigorously deduced from what 
had preceded ; we should avoid surreptitiously introducing 
tacit assumptions, in particular assuming existence theo- 
rems. What can be proved should be proved. In attempt- 
ing to carry out conscientiously this program, analysts 
have been forced to arithmetize their science. Let us see 
why. 

§2. 


Quantity and Number.—For concreteness consider how the 
standards of rigor we have just laid down apply to the cal- 
culus. If we look over the non-arithmetical treatises on 
the calculus we see confusion reigns from the first moment, 
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caused by introducing the term quantity (Grosse). We look 
in vain for a definition of this term and yet any one famil- 
iar with modern researches in this extensive field knows 
that there are many kinds of quantities having widely dif- 
ferent properties. What class is meant? At any rate we 
find all the algebraic operations performed upon them, the 
rational as well as the irrational (extraction of roots, loga- 
rithms, etc.). We ask what do these operations mean and 
are they possible? For example, one of the first things to 
know is, when are two quantities equal? Suppose they are 
two areas bounded by different closed curves. An attempt 
to decide this question without showing first how areas can 
be measured is obviously futile. Or suppose we ask what we 
mean by the product of two areas. Now the essence of the 
rational operations when applied to numbers is this: given 
two numbers, a third is uniquely determined. We know 
what the product of 5 and 7 is, but until we have defined 
what the product of two areas is, the term product is an 
empty word. Itis not sufficiently appreciated to-day that 
the Greeks were thoroughly alive to this fact ; they did not 
consider geometrical magnitudes as numbers. Their at- 
tempts to develop an arithmetic for them as far as ratios are 
concerned is familiar to us in the fifth book of Euclid. Less 
familiar arethe further developments given inthe tenth book. 
If we wish to treat quantity directly without the agency of 
number we must follow their example. Suppose weavoid the 
difficulty by saying that, after all, the quantities we are deal- 
ing with are numbers. Such an admission is more sweep- 
ing than one might think at first sight, but I see no other 
way out of the difficulty. It is my opinion that this is 
what one has in mind when one speaks of quantity in 
works on analysis. The question now arises what numbers 
are we going to deal with. Certainly the rational numbers. 
Their arithmetic is easy to establish in a rigorous manner. 
But the use of radicals, logarithms, and other non-rational 
numbers, as well as the use of limits, requires an infinity 
of new numbers, the irrational numbers. Their employ- 
ment by the non-arithmetician rests on the tacit assumption 
that the arithmetic of these numbers is identical with that 
of the rational numbers. He contents himself with an ap- 
proximate decimal representation and has a hazy idea 
that operations performed on these are the same as those 
performed on the numbers themselves. Until these as- 
sumptions are demonstrated according to the standards 
laid down above, we can lay claim to no great rigor. 
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Intuition.—With the preceding step analysis is already half 
arithmetized ; the quantities we deal with are numbers; 
their existence and laws rest on an arithmetic and not on 
an intuitional basis. The following considerations will 
lead us to complete the process of arithmetization. The 
arguments which follow treat of the value we should attach 
to the evidence of intuition. In my estimation no final 
value can be given such evidence, and therefore if we are 
endeavoring to secure the most perfect form of demonstra- 
tions it must be wholly arithmetical. The intuitionist does 
not agree with this. He asserts that in many questions of 
analysis the evidence of intuition is as binding as any 
other. Let us see if this is so. 

Our geometric intuition is made possible by graphically 
representing functions of one and two variables by means 
of curves and surfaces. This brings with it such notions as 
continuity, tangent lines and planes, curvature, torsion, 
contact, rectification, quadrature, cubature, etc. Also in 
considering the nature of a curve or surface we are brought 
in contact with the concepts of motion, boundaries, velocity, 
acceleration, etc. Evidently if we propose to apply these 
notions to our analysis we must be sure 1° that they are 
clearly and sharply defined in our mind, and 2° that they are 
coextensive with their analytical equivalents. I shall at- 
tempt to show that these absolutely essential conditions are 
not fulfilled. 

I begin by observing that it is a common error to believe 
that all these notions are given us, either inherently or by 
experience, in a complete and definite manner. The in- 
tuitionist talks of a curve or a surface as if they were as 
simple as the notion of a straight line or of a plane. I wish 
to show this is far from true and that, therefore, neither of 
the conditions just mentioned is fulfilled. 

Notion of a Curve.—Let us begin by investigating our ideas 
of a curve as given us by our intuition. Without attempt- 
ing to define what a curve is, let us enumerate some of its 
properties more or less undisputed : 

1° It can be generated by the motion of a point. 2° It 
is continuous. 3° It has a tangent. 4° It has a length. 
5° When closed it forms the complete boundary of a region. 
6° This region has an area. 7° A curve is not superficial. 
8° It is formed by the intersection of two surfaces. 9° Its 
equations are x= f(t), y= g(t), z= A(t) where f, g, h are 
continuous; and conversely such equations represent a 
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curve. Of all the properties probably the first is the one 
that is most conspicuous and characteristic. Indeed many 
employ it as the definition of a curve. Let us then look at 
our ideas of motion. 

Motion.—Here two ideas are essential. (a) motion is con- 
tinuous, (f) at each instant the motion takes place in a defi- 
nite direction and with a definite speed. The direction is 
given, so we agree, by dy/dz, the speed by ds/dt. Suppose the 
curve along which the motion takes place has a point saillant, 
whatis the direction of motion at that point? Evidently we 
must say the motion is impossible, or admit that the ordi- 
nary idea of motion is imperfect and must be extended in 
accordance with the notion of posterior and anterior deriva- 
tives. But ds/dt may also give two speedsat such a point of 
the function s= ¢(t). This last is a rather novel idea. 
Again, we will admit that at any point of the path of motion, 
motion may begin andtakeplaceineither direction. Consider 
what happens for a path given by the continuous function, 


y=0, forz=0; y= for z (1) 


This curve lies between two right lines making each an angle 
of 45° with the z-axis,and oscillates with indefinitely increas- 
ing frequency as z approaches the origin. At the origin 
the curve has no tangent. We ask how does the point move 
as it passes the origin? Or to make the question still more 
embarrassing suppose the point at the origin, in what Cirec- 
tion does it start to move. We will all agree that no such 
motion is possible or at least that it is not the motion given 
us by our intuition. We have then the fact that not all 
continuous curves can be described by motion. 

Continuous curves without tangents.—But analysts are famil- 
iar with much more singular functions than these. It is 
easy to construct continuous functions which have abso- 
lutely no derivative at all rational points in a given inter- 
val, so that in any little interval there are an infinite num- 
ber of points with tangents, and an infinite number without. 
Our intuition is utterly helpless to give us any information 
in regard to such curves. Indeed our intuition would 
rather say such curves do not exist. The first account of 
such pathological functions was published by Hankel in 
1870. It is interesting to read the indignant paper it called 
forth by P. Gilbert in the Mémoires of the Belgian Academy 
in 1873. He writes, ‘‘ Nous croyons faire chose utile en 
mettant 4 nu l’erreur de raisonnement sur laquelle repos- 
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ent de semblables paradoxes qui, répandus dans le champ de 
la géométrie, auraient pour résultat d’en altérer 1’ ésprit et 
d’entrainer dans de nouvelles erreurs les géométres trop 
confiants. C’est ainsi que nous voyons M. Houél dans un 
compte-rendu du mémoire de M. Hankel en accepter sans 
restriction les déductions et les plus étranges résultats. * * * 
Si des hommes de ce talent peuvent étre le jouet de telles 
illusions, que faut-il attendre des jeunes géométres!’’ It is 
only justice to Gilbert to remark that Hankel’s reasoning 
was not always correct, although his results in the main 
were. 

To Draw a Conelusion.—Let us see what kind of a dilemma 
we arein. Either 1° there are curves which our intuition 
had not informed us about and we must enlarge our notion 
of a curve, or 2° we must deny that point ensemblages cor- 
responding to these pathological functions are curves, or 3° 
we must deny that the arithmetical definition of a tangent 
line to a curve, say a plane curve, 


corresponds to our intuitional notion of a tangent or 4° 
doubt that, although the functions in question satisfy the 
arithmetical test of continuity, the point assemblage really 
is continuous from an intuitional standpoint. 

None of these alternatives will help us. If we accept the 
first we admit that our concept of a curve was not complete 
and clear ; if we accept the second we admit there are con- 
tinuous functions which do not admit of being represented 
by a curve and that therefore, when we are establishing 
the properties of continuous functions without further re- 
striction, our demonstrations must be arithmetical. In 
regard to the third, one might admit that the definition is 
not adequate. I must confess that I customarily think of a 
tangent not as the limit of the secant line, but as a line laid 
on the curve and that rolls along it. But in default of a 
better definition we must accept the one we have employed. 
We come finally to the last point, continuity. 

Continuity.— Who knows how to describe adequately this 
eoncept, over which philosophers have quarrelled since the 
days of Demokrit and Aristoteles? As far as our senses go 
we say @ magnitude is continuous when it can pass from 
one state to another by imperceptible gradations. The 
minute hand of a clock appears to move continuously, al- 
though it really moves by little jerks. Its velocity is thus 


dy 
= 
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to our senses continuous. Our sense notion of continuity 
we idealize. We not only say that the magnitude shall 
pass from one state to another by gradations imperceptible 
to our senses, but we also demand that between any two 
states another state exists, and this without end. Does 
such a system forma continuum. No less a mathematician 
than Bolzano admitted this in his philosophical tract, 
‘‘Paradoxen des Unendlichen.’’ No one admits it however 
to-day. But we are not so interested in what constitutes a 
continuum in the abstract but in what constitutes a con- 
tinuous curve or a continuous surface. The more one 
thinks over this knotty question the more one becomes con- 
vinced that any definition we can give and which will serve 
as the base for rigorous deduction, can at best be but an 
approximate interpretation of the hazy and illusive nature 
of this concept. The only value it can have therefore is 
derived from @ posteriori verification that it is in harmony 
with the other facta of ourintuition. Such a definition is the 
familiar ¢, ¢ criterion of Cauchy-Weierstrass. With this 
definition we can reason with absolute precision and fine- 
ness. The consequences deduced from it are sufficiently 
in accord with the evidence of our intuition. We can 
show, for example, by purely arithmetic methods (and, as 
we see, only such methods are of any use here), that a con- 
tinuous function of several variables does attain its maxi- 
mum ; that if such a function takes on at the point P the 
value a and at the point @Q the value b, then the function 
takes on all intermediate values between a, b when the vari- 
ables move from P along any continuous path to Q; we can 
also show that a closed curve without double point, corre- 
ponding to the continuous functions 


z=¢(t), y=¢(), 


does form the complete boundary of a region, and so on. 


$4. 

We have now fairly established the justness of the posi- 
tion of the arithmetician. This may be stated as follows: 
From our intuition we have the notions of curves, surfaces, 
continuity, etc. To make use of these, the intuitionist 
translates them into arithmetic language and applies them 
to reasoning regarding functions of one or more variables 
which themselves stand for abstract numbers. The arith- 
metician maintains this procedure is inadmissible since no 
one can show that the arithmetic formulations are coextensive 
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with their corresponding intuitional concepts. The most 
we can do is to show by arithmetical verification that the 
definitions chosen harmonize with the facts of our intuition. 

Before leaving this subject I wish to make a couple of re- 
marks. 1° With our «-definition of a continuous function 
y = f(z) we have seen that y must pass through all interme- 
diate values as z passes from z, toz,. This last property 
has been sometimes taken as the definition of a continuous 
function. It is, however, not coextensive with the first. 
For example, the function 


y= 0 for <= 0, y= sin = for 


is continuous according to the last definition but not accord- 
ing to the first. 2° A function of two variables z= f(z, y) 
has been defined as continuous in a region FR if for every 
y in R, z is continuous in respect to z and for every z in R, 
z is continuous in respect to y. -This definition, however, 
is not equivalent to one currently accepted to-day as is 
shown by the function 
zy 


We have said the arithmetic definitions chosen harmonize 
sufficiently. The accord is not as complete as we could 
wish. In the first place we have already seen that contin- 
uous functions can present peculiarities which the contin- 
uous intuitional curve does not present, viz., unlimited 
number of oscillations in any interval however small, and 
absence of tangents. There are other peculiarities we must 
call attention to. We consider them briefly under separate 
headings. 

Reetification of curves.—We think of a curve as having 
length. Indeed we read as definition of the curve in Eu- 
clid’s Elements : a line is length without breadth. When 
we see two curves we can compare one with the other in 
regard to size, z. e., length, without having consciously es- 
tablished a way to measure them. Perhaps we uncon- 
sciously suppose them to be described at a uniform rate and 
consider the time it takes. It may be that we think of 
them as thin, inextensible strings whose length is got by 
straightening them out. A less obvious way to measure 
their lengths would be to roll them over a straight edge. 
The problem we have is : how shall we formulate arithmet- 
ically our intuitional ideas regarding the length of the 
curve. The intuitionalist says this: the curve or rather 


2=0 forz=y=0; z= for all other points. 
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arc of a curve has a length, this length is a number L, this 
number is got by taking a number of points on the curve 
between the two ends P, P,, P,, ---, P’ and building the sum 
=P, P:,. The limit of this sum when the points become 
everywhere dense between P, FP” is L. 

To this the arithmetician objects. He says whatever 
arithmetic formulation I give to this problem, I have no 
4 priori assurance that my formula adequately represents 
my geometric intuition. With the intuitionist I will build 
the above sum, but whatever may be my opinion whether 
intuitional curves have a length expressible as a number, I 
will refrain from assuming the above sum has a limit. On 
the contrary, I will test it and see if it has a limit, I will 
investigate if this limit has the same value, however, the 
points P, are chosen. If it has, I will see if thig number 
used as a definition of length will lead me to consequences 
which are in harmony with my intuition. The fact now is 
that merely assuming that our curve is continuous the 
above sum does not always have a limit. Jordan was the 
first to call attention to the fact that, if the curve is to have 
a length according to the above definition, besides continuity 
it must have a limited variation, that is, oscillate in a cer- 
tain prescribed way. An arc of the curve of equation (1) 
which includes the origin has no length. Weierstrass’s 
function 


where 6 is a positive constant <1 anda is an odd inte- 
ger >1 is another example. This curve for ab >1 has 
no length for an arc contained between two ordinates 
however near but fixed. It is interesting to remark that 
the above arithmetic formulation of our intuitional notions 
of rectification does not depend upon the existence of a de- 
rivative. The usual definition does, viz., 


(2) 


These two arithmetic definitions are not coextensive, as it is 
easy to construct a function for which the above integral is 
without sense while the first definition given gives a perfectly 
definite number as length. Du Bois-Reymond questions 
our right to speak of the length of a curve when not given 
by (2). This illustrates again that our arithmetic inter- 
pretations are more or less arbitrary, at least that we have 
no @ priort evidence that they are adequate. 


b" cos a*xx 
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Quadrature.—The remarks made in the last paragraph 
apply equally well here. We shall deny the claims of the 
intuitionist that every closed plane curve encloses an area, 
although F. Lindemann, the excellent critic of Euclid takes 
this stand, if I understand him rightly.* Without the 
assurance of the intuitionist we will formulate arithmetic- 
ally our notions of an area as Peanoand Jordan have done. 
This arithmetic definition we will test and see if the con- 
clusions it leads to are in accordance with our notions of 
area. So for example this, we will divide our area, not into 
squares, but by any system of curvilinear squares, which 
themselves have an area according to the definition being 
tested and see if we get the same results as before. Evi- 
dently the reasoning we here use, by the very nature of the 
case, must be purely arithmetical. Iadd that, accepting the 
arithmetic definition just mentioned, no one has yet proved 
the statement that a closed figure has an area. In passing 
we make the remark, now evident, that the proof commonly 
employed of the existence of a definite integral because it 
may be regarded as representing an area is absolutely illu- 
sory. 

In regard to the quadrature of surfaces in space the 
matter is still more delicate, as is evident when we consider 
how infinitely more manifold are the complexities a con- 
tinuous surface may present. An arithmetic formulation 
of our notions for the area of a surface which was a long 
time favorably received is this: Inscribe in the surface a 
polyhedron with little triangular faces; the limit of the 
surface of such polyhedra when the sides get infinitely emall 
is the area we are seeking. This we observe is analogous 
to inscribing a polygon in a curve to find its length. This 
formulation, however, was shown by Schwarz to lead to 
contradictions and it has been replaced by another. 

A remark before leaving the question of measuring mag- 
nitudes by numbers. It is commonly thought that all the 
magnitudes of geometry and physics are measurable and 
that the way in which this is to be done does not depend 
upon ourselves, but is inherent in the magnitude itself. 
This we certainly cannot admit. Magnitudes become mea- 
surable only when they have, or are made to have, certain 
properties. The particular measure chosen lies with us. 

Curves filling areas. —However vague our notion of a curve 
and a surface may be, it has been believed that a curve is 
essentially a one dimensional, the surface a two dimensional 


Vorles. tiber Geometrie, vol. 2, p. 557. The passage in question is, 
“einer allseitig umgrenzten Figur kommt ein bestimmter Flacheninhalt 
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assemblage of points. The vague notion of dimensionality 
was considered to find its interpretation in the number of 
independent variables defining the position of one of its 
points in space. From this standpoint the equations 


(1) f(t), y=g(t), A(t), 


depending on the single parameter ¢ would represent a 
curve, while 


(2) r= f(tu), y=g(tu), z=A(tu), 


having two parameters ¢, u represent a surface. This, as 
we observed, was the means whereby the intuitionist was 
enabled to employ his geometric intuition when discussing 
analytically such functions. The researches of Cantor in the 
theory of point multiplicities showed long ago (1877) that 
this view was false. He showed that a multiplicity of any 
number of dimensions could be put in one to one corre- 
spondence with a multiplicity of a single dimension. From 
this follows that the number of parameters used to define the 
position of a point in the assemblage is altogether arbitrary. 
The correspondence when one to one is not continuous. 
Peano was the first to give an example in which the functions 
in (1) are continuous and yet the corresponding point assem- 
blage is a square or cube, ¢ varying from say 0 tol. Cesaro 
has shown how these functions may be represented analyt- 
ically. Hilbert has shown how such curves may be con- 
strued by geometric considerations. In passing I wish to 
call attention to the fact that the auxiliary curves given by 
Hilbert illustrate very prettily the need of Jordan’s élabor- 
ate proof* that his polygons never cease to have interior 
points. These curves of Peano and Hilbert illustrate more 
forcibly than perhaps any other example how incomplete 
our notion of a curve is and how rash is the assumption 
that because certain simple continuous functions represent 
intuitional curves that therefore they all do. I will re- 
mark that the nearest previously known approach to these 
curves is the cycloids. For example the hypocycloid has 
for equation 
z= f(t) =asmcost + cosmt}, 


y= 9(t) = ajmsint — sin mt}. 


As the parameter ¢ increases indefinitely, m being irrational, 
the point z, y approaches indefinitely near any point in the 


* Cours., I, p. 94 seq. 


1899.] ARITHMETIZATION OF MATHEMATICS. 405 


ring in which the motion takes place. No part of this curve, 
however, fills an area however small. This is then quite in 
accordance with our notion of a curve. 

The examples of Peano and Hilbert showed that the line 
of demarcation between our intuitional notions regarding 
curves and surfaces was not sharply drawn. Consider 
another example. Take for simplicity a square. Cut out 
all points both of whose coordinates are rational. The re- 
sult is an assemblage of points such that we may pass con- 
tinuously from any point of it to any other without leaving 
the multiplicity. Is it a surface ora curve? If we say it 
is not a surface because it contains only frontier points then 
Peano’s curve is not a curve but a surface. What kind of 
a function would represent it if we called it a curve? 

We will break off now our investigation regarding our 
notions of acurve. The result certainly is that the various 
properties we naturally assign a curve are so conflicting 
that we must agree with Klein ‘‘ dass vom rein mathema- 
tischen Standpunkte aus heutezutage Nichts dunkler und 
unbestimmter erscheint als die genannte Idee.’’* 


§5. 

To conclude, we believe that we have shown that the 
opinion the intuitionist holds in regard to the value of the 
evidence of our intuition is untenable. Everywhere we 
have seen that the notions arising from our intuition are 
vague and incomplete and that it is impossible to show the 
coextension of these notions and their arithmetical equiva- 
lents. The practice of intuitionists of supplementing their 
analytical reasoning at any moment by arguments drawn 
from intuition cannot therefore be justified. 

The intuitionist believes that in writing down the equa- 
tion of a curve, the criterion of its continuity, the expression 
for its length, etc., he has an adequate arithmetic representa- 
tion of the geometric facts. The arithmetician believes it 
is impossible to have any 4 priori assurance in this respect. 
For him these are essentially arithmetic formule which 
stand in more or less close relation with certain geometric 
notions. The properties of such formule are to be deduced 
by arithmetic methods and their results compared with 
what we would expect from our intuition. Only when 
agreement takes place can we conclude that these arith- 
metic formulations have been fortunately chosen. Or to 
put the matter differently : we have two worlds, the world 


* Math. Annalen, vol. 50, p. 586. 
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of our senses and of intuition, and the world of number. 
Objects in the first world give occasion to form certain ob- 
jects in the world of number which we strive to make as 
close to the original as possible. How close the copy is we 
can never know. Doubtless they are sufficiently approxi- 
mate. 

The mathematician of to-day, trained in the school of 
Weierstrass, is fond of speaking of his science as ‘‘ die ab- 
solut klare Wissenschaft.’’ Any attempts to drag in meta- 
physical speculations are resented with indignant energy. 
With almost painful emotions he looks back at the sorry 
mixture of metaphysics and mathematics which was so 
common in the last century and at the beginning of this.* 
The analysis of to-day is indeed a transparent science. 
Built up on the simple notion of number, its truths are the 
most solidly established in the whole range of human knowl- 
edge. It is, however. not to be overlooked that the price 
paid for this clearness is appalling, it is total separation 
from the world of our senses. 

YALE UNIVERSITY, 

February, 1899. 


TWO BOOKS ON TIDES. 


The Tides and Kindred Phenomena of the Solar System ; the sub- 
stance of lectures delivered in 1897 at the Lowell Insti- 
tute, Boston, Mass. By Grorce Howarp Darwin. 
Houghton, Mifflin & Company, 1898. 8vo, xviii+378 pp. 

Lecons sur la Théorie des Marées; professées au Collége de 
France. Par Maurice Ltvy. Paris, Gauthier-Villars 
et Fils, 1898. 4to, xii+298 pp. 

Ir is not often that the reviewer has the opportunity of 
noticing a volume containing a popular account of an ab- 
struse and difficult subject set forth by an author who 
stands in the forefront as an investigator of the matters on 
which he writes. It is never easy for any one who spends 
most of his time at the confines of his science to tear him- 


* Hamilton, Life, vol. 1, p. 304, writes in a letter dated 1428: ‘An 
algebraist who should thus clear away the metaphysical stumbling blocks 
that beset the entrance to analysis without sacrificing those concise and 
powerful methods which constitute its essence and its value would per- 
form a useful work and deserve well of science. 
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self awa, from what interests him most and to give up a 
large portion of his time to the writing out of an account 
of his subject. The task becomes increased when the ob- 
ject in view is a book free from the technical phrases and 
symbols which enable him to express his ideas clearly and 
tersely to experts. This task, however, Professor Darwin 
has undertaken and achieved with a success which would 
have been noteworthy in any subject, but which is remark- 
able when the intricate nature of the tidal problem is re- 
membered. Moreover, he has filled a gap in the numerous 
series of popular handbooks of science. We have called 
attention before to the need of such a book on hydrody- 
namics. The deficiency is partly made up by the volume 
before us and its appearance will make the labor of the 
writer who undertakes a popular exposition of the general 
subject a much easier task than it would otherwise have 
been. 

In his Preface the author writes: ‘‘I think that there 
are many who would like to understand the tides and will 
make an effort to do so provided the exposition be suf- 
ficiently simple and clear ; it is to such readers that I address 
this volume.’’ The book has been submitted by the re- 
viewer to one of those whom the author addresses and who 
was without the mathematical knowledge which makes such 
accounts comparatively easy reading. It has stood this test 
well. The first part, which deals almost entirely with tides 
in seas, rivers, and lakes, has fulfilled its object in being 
clear and simple and in giving information about the man- 
ner in which the tides are produced and the peculiarities of 
their behavior under different circumstances. The second 
half of the book, on the effects of tidal friction and theories 
of cosmogony, was naturally found more difficult ; although 
the matters treated are mainly of scientific interest only, 
the unskilled reader, if he is willing to take a little trouble, 
is still able to follow the arguments right to their conclusion 
and to obtain a general idea of their results. 

There is much more, however. In addition to a general 
survey of the whole subject, the results of the latest inves- 
tigations (e. g., on rotating figures of equilibrium and the 
evolution of stellar systems) are given with some detail. 
Fully two thirds of the volume contains matters which 
have never appeared outside the scientific journals in which 
they were originally printed. We have practically a com- 
plete bibliography in the references given at the end of each 
chapter. Finally the author frequently points out the de- 
ficiencies in our knowledge and especially the problems 
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which seem to be capable of being solved but which have 
not hitherto yielded to analysis. In fact, there are many 
suggestions for those who desire to take up the subject from 
the mathematical side. 

The first three chapters contain general accounts of the 
observed phenomena and of the instruments used for re- 
cording them. Considerable space is devoted to an impor- 
tant but little known class—the vibrations of water in lakes, 
usually called seiches. Under this heading general wave 
motion at the surface of a fluid is explained. The distinc- 
tion between rise and flow and between ebb and fall in a 
river or estuary are carefully set forth. These terms are 
often considered synonymous ; it is not easy for most people 
to grasp the idea that the water may be rising while the 
current is flowing seaward. It would have been advisable 
to give more explanations as to why, in a river of uniform 
depth and breadth at a great distance from the mouth, the 
current ebbs at a given place when the water there is below 
mean level and rises when it is above mean level, with 
slack water at mean level. In wave motion the particles 
of water describe closed curves which, when the waves are 
on deep water, are approximately ovals with their longer 
axes vertical. In shallow water these ovals will tend to 
have their longer axes horizontal, and, with the very long 
tide wave in a river, the ratio of the axes becomes that of 
some miles to a few feet. It is then easy to see how we 
may have a flow when the water is above mean level and 
au ebb tide when it is below. An interesting account of the 
bore on the Tsien-Tang-Kiang forms a large part of Chap- 
ter III. Chapter IV is historical. 

In Chapter V it is explained in what way the sun and 
moon produce the tides. The author shows how the tide 
generating forces vary inversely as the cube of the distance 
and directly as the product of the masses and also that it is 
their horizontal and not their vertical components which 
produce the tides. From the mathematical point of view 
this is the most successful part of the book. We are thence 
led on to consider the deflecting effect of such forces on the 
pendulum and the elastic distortion of the earth’s surface 
by the varying tidal load. The attempt of George and 
Horace Darwin to measure the lunar attraction on a 
pendulum is given with some detail and will be read with 
special interest by those who have attempted to make del- 
icate measurements near a modern city. 

Chapters VIII and IX respectively contain accounts of 
‘Laplace’s equilibrium theory and Airy’s canal theory of 
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the tides. In the former, the principal lunar and solar 
tides are described and it is shown how the combined action 
of the sun and moon produces spring and neap tides. In 
the latter, the author explains the difference between free 
and forced waves and the peculiarities of the forced waves, 
in order to show how we may have a low tide under the 
moon, directly contrary to the result of the equilibrium 
theory. Then follow chapters on tides in landlocked seas, 
the methods of separating out the composite tide into its 
several component parts, the mathematical and mechanical 
reduction of tidal observations for finding the constants of 
a port ; the last appears for the first time in a form which 
is easily comprehended without referring to the author’s 
original memoirs on the subject. Chapter XIV, on the de- 
gree of accuracy of tidal prediction, closes the portion of 
the book devoted to tides, in the popular sense of the word. 

Professor Darwin is perhaps better known to the outside 
public for his work on the past and future history of the 
moon. It was he who first showed the tremendous influ- 
ence. which the tides of a fluid or semi-viscous spheroid can 
have in modifying the relations between two celestial bod- 
ies revolving about one another. In the later chapters of 
his book we are given an account of the results of k‘s in- 
vestigations and of those who have followed in his steps. 
He begins by a discussion of the arguments for and against 
the solidity of the interior of the earth, opening with a 
description of the nutation discovered by Chandler. The 
latter would have been rendered clearer by a fuller expla- 
nation of precession and the ordinary nutation: it is not 
quite evident in the example of the top whether its preces- 
sional or nutational motion is under consideration. The 
degree of rigidity of the earth is an important factor in 
tidal problems investigated from the theoretical point of 
view. The question has not yet been answered by analysis ; 
the author quotes Lord Kelvin’s opinion that the tides, if 
the earth were rigid, would not be twice as great as they 
actually are. 

The next two chapters are the most fascinating in the 
book ; they deal with tidal friction and lead up to the con- 
sideration of the past and future history of the earth and 
moon. Professor Darwin first explains in detail how tidal 
friction affects the time of rotation of the earth about its 
axis and that of the moon about the earth ; his geometrical 
demonstration is clear and easily made out. We are led 
by simple steps to the time in the past when the lengths of 
the day and month were equal and very short, and after- 


410 TWO BOOKS ON TIDES. [May, 


wards to the future date when they will be again equal but 
comparatively long. The causes making for modification 
of these results are also carefully stated so that the reader 
does not run away with the idea that he is obtaining actual 
facts; on the contrary, a theory is put before him which 
cannot indeed be tested but for which certain arguments 
give a fair degree of justification. The theory is sufficient 
to explain the main relations of the earth-moon system. 

Having carried the theory to a stage in the past history 
when the two bodies had very probably not yet become 
solid, the author prepares the way for a step farther back 
by considering the equilibrium of a mass of rotating fluid. 
The question of the stability of Maclaurin’s and Jacobi’s 
ellipsoids is explained and the essence of his own work and 
that of Poincaré on the formation of two masses of. rotat- 
ing fluid from one is given. We are thus naturally led to 
the nebular hypothesis and the evolution of celestial sys- 
tems generally, these being considered in Chapter XIX. 
The evidence for this hypothesis furnished by double stars, 
the increasing number of satellites possessed by the planets 
of our solar system as we go outward from the sun, and by 
the forms of the nebule visible in the sky, are examined. 
A whole chapter—the last—is devoted to an examination 
of the bearing of Saturn’s rings on the theories. The re- 
searches of Roche and Maxwell are graphically described 
and it is shown how the rings furnish a strong link in the 
chain of evidence which goes to justify the position taken 
up. 
All these matters the author has been able to explain 
with but few tedious circumlocutions and without the use 
of a single algebraical symbol, except in one short footnote 
where, on a minor detail, a little elementary algebra is 
used. And he has wisely done away with the lecture form 
necessary before an audience but exceedingly tiresome to 
the reader. Finally, those who have had the privilege of 
hearing his lectures will be glad that the suggestiveness 
which is one of their chief attractions, is retained in this 
volume and thus can give inspiration to a wider circle. 

The type and printing are excellent and the illustrations 
good, with the exception of the pictures of the bore on the 
Tsien-Tang-Kiang, which seem somewhat rough. There 
are very few errors. On p. 272, line 8, ‘‘ neither’’ is writ- 
ten for ‘‘either.*’ The following have been communicated 
to the writer and may be also recorded for the sake of future 
readers. On p. 29, line 11, ‘‘at right angles’’ should be 
‘along.’’ On pp. 139, 140, the words ‘‘ right’’ and “ left’’ 
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should be interchanged to make the text agree with the 
figure. On p. 189, line 25, ‘‘ lines of equal establishment’’ 
should be ‘‘ lines of Greenwich mean time of high water.’’ 


It is not altogether easy to decide from what point of 
view a volume like M. Lévy’s should be treated. Its title 
would lead us to expect the usual publication of a lecture 
course with the additions and suppressions necessary to 
make the exposition more complete and continuous. When 
one reads the preface and table of contents, however, it ap- 
pears that the author has desired to do away with any 
traces of the lecture room in order to put together a con- 
nected treatise : this impression is confirmed on reading the 
text and noticing the several tables which he gives. It aims 
at a rather complete presentation of the theory of the tides 
and, as it happens, will form an excellent mathematical 
commentary on Professor Darwin’s book. The first part, 
which forms the subject of this notice, contains the equi- 
librium theory of Laplace, the methods of harmonic analysis 
and tidal prediction initiated by Laplace, Kelvin, and Dar- 
win, the canal theory of Airy, and the general theory of 
tides in estuaries and rivers ; at the end a chapter is devoted 
to the solitary wave. A second part is promised dealing 
with the interesting subject of the socalled ‘‘ solid ’’ tides— 
those oscillations of the earth’s crust and of its.whole mass 
which as one result have led to arguments concerning the 
solidity of our globe. 

The various parts of the volume are of rather unequal 
merit. When the author is explaining the more theoretical 
parts of his subject and showing their applications to the 
phenomena actually observed, he does so with all the lucid- 
ity which past experience has led us to expect from French 
scientists. These parts fortunately form the larger portion 
of the book ; the demonstrations are easily followed and the 
results as easily grasped. But in the chapters dealing with 
harmonic analysis and tidal prediction the matter seems 
to suffer from having been insufficiently digested. Whole 
sections and chapters have been taken straight from Dar- 
win’s memoirs with a few changes of arrangement and the 
insertion here and there of algebraical steps. Such a pro- 
cedure is seldom satisfactory. A memoir is primarily ad- 
dressed to those who are acquainted with the previous work 
which has been done and its matter is not usually in a form 
suitable to make it part of a treatise. Moreover, too much 
seems to have been inserted for a clear comprehension of 
the methods, while any one wishing to make practical use 
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of them would probably be obliged to have recourse to the 
original sources. However this may be, M. Lévy’s work 
will rightly receive a hearty welcome. So far as we know, 
it is the first publication of a treatise specially devoted to 
the mathematical theory of the tides, written for the use of 
students. The author has shown excellent judgment in his 
selection of the more important parts of the subject. He 
never loses sight of the practical applications ; almost every 
result is discussed in an interesting way and its relation to 
some particular or general tide shown. 

Chapter I contains the equilibrium theory with Lord Kel- 
vin’s extension for taking into account the forms of the 
continents. Laplace’s method for the prediction of tides, 
as given in the Mécanique Céleste, forms the subject of 
Chapter II, and the author here takes the opportunity of 
explaining the principal solar and lunar tides, the ‘‘ estab- 
lishment ’’ of a port, the use of tide tables, etc. The next 
four chapters, on the development of the tide generating 
potential, the harmonic analysis of the observations, the 
determination of the constants of a port, and the latest 
method of forming tide tables, are mainly taken from the 
B. A. report of Adams and Darwin of 1883, and the Royal 
Society Memoirs of the latter for 1890. The first of these 
is well put and reads simply, notwithstanding the long 
formule which occur in the development of the potential 
function. The other three chapters forming the rest of the 
first section have been referred to above. 

The method introduced by Airy of treating the tidal 
problem as a dynamical rather than a statical one is con- 
tained in Chapter VII. In the equilibrium theory the 
water, at every instant, is supposed to take up the position 
of equilibrium which it would have if the tide raising body, 
the earth and the water had been relatively fixed for that 
instant : this practically amounts to neglecting the relative 
inertia of the fluid. There are thus no differential equa- 
tions to be solved. In the correct dynamical theory, the 
partial differential equations arising present difficulties 
which can only be surmounted in special cases. Those con- 
sidered by Airy are the tides in canals which follow great 
or smal] circles on the earth’s surface. In his account of 
Airy’s method, M. Lévy has introduced the friction of the 
water on the bed of the canal at all stages and the effects 
are worked out with some detail. Most of the special ap- 
plications are to be found in Chapter VIII where he treats 
cases of canals limited at the ends, those communicating 
with lakes or seas, etc. One of some interest is the com- 
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parison of the results of theory and observation for a part 
of the Suez canal which communicates at one end with a 
tidal sea and at the other with smal] lakes: the differences 
are not greater than might have been expected. 

Chapter IX will be read with interest by those who have 
taken the trouble to observe the eccentricities of the cur- 
rents in a tidal river or estuary. Here it is mainly a ques- 
tion, not of the tides produced directly in the estuary by 
the sun and moon, but of the oscillations due to the rise 
and fall of the ocean at the mouth. The relation of the 
height of the water at any point of an estuary to the cur- 
rent at the same place is well and fully worked out. St. 
Venant’s particular solution for a river of constant width 
and indefinitely prolonged towards the source. which gives 
the current as a function of the height only, receives con- 
siderable attention. The author shows how a defect in the 
practical application of it can be remedied by introducing 
friction ; the calculations, however, become rather compli- 
eated. The chapter closes with the problem of a river 
whose width varies according to an exponential law. In 
Chapter X, under the heading of the solitary wave, the 
author treats standing waves and the propagation of a wave 
or hollow of given form ; he follows the methods of Boussi- 
nesq entirely, omitting to mention some of the later inves- 
tigations. The question of the stability of form of the 
wave is included. 

The book, as a whole, is to be highly recommended and 
it will form a useful addition to the literature of hydrody- 
namics. The name of Gauthier-Villars is a sufficient indi- 
cation of the excellence of the printing. 


Ernest W. Brown. 


NOTES. 


BecinninG with Volume XIII the Annals of Mathematies 
will be published under the auspices of Harvard University. 
A circular, about to be issued by the Department of Mathe- 
matics at Harvard, furnishes the following statement in 

rd to the conduct of the Annale under the new auspices: 

‘¢' There has existed in this country for more than twenty 
years a journal (the American Journal of Mathematics) de- 
voted almost exclusively to original research. and the Trans- 
actions of the American Mathematical Society will soon give still 


414 NOTES. [May, 


further opportunity for the publication of research work of 
the highest order. On the other hand the BuLietin has 
for eight years filled an important place as a historical and 
critical review. We do not wish that the Annals should 
encroach sensibly on either of these fields. We shall try 
to conduct this journal so that it may appeal not merely 
to the highly trained specialist, but to the general mathe- 
matical public of America, from students of mathematics in 
the graduate schools of our universities upward. If we are 
to accomplish this result it is essential that highly technical 
articles having no interest except for a small number of 
readers of the Annals, be avoided, however great their in- 
trinsic value may be; especially as by far the most satis- 
factory place of publication for such articles is the American 
Journal or the Transactions of the American Mathematical Society. 
It is essential also that each number of the Annals should 
contain some variety, and this (in view of the limited num- 
ber of pages we can print) will require us to exclude, as 
a general rule, long articles. We shall welcome short re- 
search articles written in such a way as to be intelligible to 
a considerable number of readers of the Annals. 

‘* There is one class of articles which have not been want- 
ing in the Annals in the past, and which we hope may be 
represented in the future to a still greater extent, namely 
articles which, while containing little or no absolutely new 
matter, give a clear presentation of some important but not 
readily accessible field of mathematics, or a more thorough 
presentation of some subject which is generally treated in 
an unsatisfactory manner. Such articles were numerous 
both in France and in Italy during recent periods of mathe- 
matical revival in those countries, and might, we believe, 
do much to help the healthy growth of mathematical thought 
in America, as they surely did in the countries just men- 
tioned. 

‘We expect to publish the Annals quarterly beginning 
with the first of next October. Professor OrmonpD STONE of 
the University of Virginia, who founded and for many years 
supported the Annals, has consented to act as a member of 
the board of editors. The other members of the board will 
be Professor H. 8. Wuire, of Northwestern University, and 
Professors ByERLY, Oscoop, and Bécuerr, of Harvard Uni- 
versity.”’ 


TuE following courses in mathematical subjects have been 
announced at various German universities for the summer 
semester of 1899: 
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Universiry OF Beriin.—By Professor G. FROBENIUs : 
Analytical geometry, four hours; Theory of algebraic equa- 
tions, four hours ; Seminar, two hours.—By Professor R. 
LEHMANN-FILHEs: Differential calculus, four hours; Ex- 
ercises in differential calculus, one hour.—By Professor H. 
A. Scuwarz: Integral calculus, four hours; Theory of 
analytical functions, four hours ; Exercises in integral cal- 
culus, two hours; Mathematical colloquia, two hours ; 
Seminar, two hours.—By Professor E. R. Hopre: Integral 
calculus, four hours ; Analytical mechanics, four hours.— 
By Professor G. Hetrner: Theory of definite integrals, 
two hours.—By Professor K. HenseL: Higher arithmetic, 
four hours ; Geometry of numbers and the theory of alge- 
braic units, two hours —By Professor J. Knoptaucu: Theory 
of elliptic functions, four hours ; Surfaces of constant cur- 
vature, one hour; Analytical mechanics, four hours.—By 
Professor L. Fucus: Application of the theory of elliptic 
functions, four hours ; Introduction to the theory, which is 
not changed by linear substitutions of the variables, four 
hours; Seminar, two hours.—By Professor J. Bavuscu- 
INGER: Theory of orbits of comets and planets, three 
hours ; Correction of the astronomical constants, one hour ; 
Interpolation and mechanical quadratures, one and a-half 
hours ; Seminar for scientific computing.—By Professor W. 
Forster: Astrometry, four hours; History of astronomy, 
two hours ; Seminar for scientific computing.—By Profesor 
R. Hetmert : Method of least squares, two hours ; Determi- 
nation of the figure of the earth, two hours. 


UNIvERsITY OF Bonn.—By Professor L. Herrrer: Differ- 
ential equations, lectures three hours, exercises one hour ; 
Descriptive geometry, five hours.—By Professor H. Kor- 
TuM: Elliptic functions, four hours; Infinite series, two 
hours; Mathematical seminar, two hours.—By Professor 
R. Lipscuitz: Elements of the infinitesimal calculus, four 
hours ; Exercises in seminar, two hours.—By Professor H. 
LorBerG: Theory of potential, two hours.—By Dr. A. 
PFLUGER: Maxwell’s theory, one hour. 

UNIVERSITY OF ERLANGEN.—By Professor P. GorpAN : 
Invariants, four hours; Theory of numbers, four hours ; 
Exercises in seminar, three hours.—By Professor M. 
Norner: Infinitesimal calculus, four hours; Descriptive 
geometry, two hours ; Selected chapters of analytical me- 
chanics, two hours ; Mathematical exercises. 


UNIVERSITY OF GrESsEN.—By Professor M. Pascu: 
Plane analytical geometry, four hours ; Infinite series, two 
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hours ; Seminar, two hours.—By Professor E. Netto: Ele- 
ments of algebra, four hours; Theory of numbers, two 
hours ; Mathematical seminar, two hours.—By Professor R. 
Havussner : Invariant theory, two hours; Perspective, two 
hours ; Theory of probabilities, one hour. 

University oF GOTTINGEN.—By Professor E. RiIcke: 
Selected problems in acoustics, one hour.—By Professor W. 
Voret: Selected chapters in hydrodynamics, one hour.— 
By Professor F. KLern : Automorphic functions, four hours ; 
Mathematical seminar, in conjanction with Hilbert, two 
hours.—By Professor W. Scuur: Theory of orbits, special 
perturbations, four hours; Method of least squares, one 
hour; Seminar, one hour.—By Professor D. HILBeErt : 
Differential calculus, four hours ; Selected chapters from the 
theory of groups, two hours ; Calculus of variations, two 
hours ; Seminar, theory of functions of a real variable, two 
hours.—By Professor E. Wiecuert: Theory of probabili- 
ties, two hours.—By Professor G. Bonutmann: Analytical 
geometry, four hours ; Seminar in insurance, two hours. 


UNIVERSITY OF GREIFSWALD.—By Professor W. THOME : 
Integral calculus, four hours; Elliptic functions, four 
hours ; Mathematical seminar, two hours.—By Professor 
E. Stupy: Mechanics, four hours; Selected sections of 
geometry, three hours ; Seminar, one hour. 


University oF HALLE-WITTENBERG.—By Professor G. 
Cantor: Trigonometrical series, one hour; Infinitesimal 
calculus, five hours; Exercises in seminar, two hours.— 
By Professor A. WANGERIN : Selected chapters in celestial 
mechanics, one hour; Differential equations, three hours ; 
Theory of potential and spherical harmonics, five hours ; 
Exercises in seminar, two hours.—By Professor V. EBrer- 
HARD: Exercises in analytical geometry, one hour; Ana- 
lytical geometry of the plane and of space, four hours.— 
By Dr. A. Gutzmer: Theory of functions, three hours. 


Untversity or KieLt.—By Professor L. : In- 
troduction to the theory of numbers, four hours ; Selected 
chapters from the theory of functions, four hours ; Seminar, 
one hour.—By Professor L. WEBER: Theory of potential, 
four hours.—By Professor P. Harzer: Selected chapters 
in celestial mechanics, three hours ; Calculus of differences, 
two hours.—By Professor H. Kreutz: Theoretical astron- 
omy, four hours.—By Professor P. StAckeL: Differential 
calculus, three hours; Introduction to the theory of differ- 
ential equations, two hours; Integration of the differential 
equations of mechanics, four hours ; Seminar, one hour. 
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University OF KonicsBerG.—By Professor P. VoLk- 
MANN: Introduction to theoretical physics, especially to 
analytical mechanics, four hours.—By Professor H. StruveE : 
Determination of planetary and cometary orbits, three 
hours.—By Professor F. Meyer: Exercises in differential 
calculus, one hour ; Differential calculus with applications 
to geometry, four hours; Introduction to the theory of 
functions of a complex variable, four hours ; Exercises in 
the theory of functions, one hour.—By Professor L. Saat- 
scHUTz: Technical mechanics. two hours ; Exercises in the 
theory of definite integrals and other parts of the integral 
calculus, one hour; Theory of definite integrals, three 
hours.—By Dr. T. Vanten: Arithmetical theory of quad- 
ratic forms, two hours. 

University of Le1pzic.—By Professor A. MAYER ; Gen- 
eral introduction to the theory of ordinary differential equa- 
tions four hours; Exercises in ordinary differential equa- 
tions, one hour.—By Professor C. Neumann: Selected 
chapters in constructive geometry, two hours ; Theory of 
potential, two hours; Seminar, one hour.—By Professor H. 
Bruns: General astronomy and mathematical geography, 
two hours ; Method of least squares, two hours ; Seminar, 
two hours.—By Professor O. H6LpER: Substitution theory 
and algebraic equations, four hours; Determinants, one 
hour ; Exercises in determinants and theory of equations, 
two hours. By Professor F. Excet: Plane and solid ana- 
lytical geometry, four hours ; Non-euclidean geometry, two 
hours ; Seminar, one hour.—By Professor P. DrupE: The- 
ory of heat, four hours.—By Dr. F. Havusporrr: Theory 
of curves and surfaces, four hours ; Complex numbers and 
vectors, two hours. 

University oF Srrasspurc.—By Professor T. REye: 
Theory of forces which obey Newton’s law, three hours ; 
Selected chapters from the higher synthetic geometry, three 
hours ; Mathematical seminar, two hours.—By Professor 
H. Weser: Calculus of variations, four hours ; Encyclo- 
pedia of elementary mathematics, two hours ; Seminar in 
conjunction with Wellstein.—By Professor G. Ror : Infin- 
itesimal calculus, three hours; Plane analytical geometry, 
two hours.—By Professor E. Coun: Theory of heat, three 
hours.—By Professor A. Kraser: Definite integrals three 
hours ; Solid analytical geometry, three hours ; Descriptive 
geometry, two hours.—By Dr. E. Timerpine : Geometry of 
the circle and sphere, two hours.—By Dr. J. WELLSTEIN : 
Introduction to the theory of algebraic functions, two 
hours. 
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UNIVERSITY OF VIENNA.—By Professor G. v. EscHERICH : 
Theory of functions, five hours; Seminar, two hours ; Pro- 
seminar, one hour ; Theory of probabilities, three hours.— 
By Professor L. GEGENBAUER : Elements of the infinitesimal 
calculus, five hours ; Exercises in the preceding course, two 
hours ; Proseminar, one hour; Seminar, two hours.—By 
Professor F. Mertens: Theory of numbers, five hours; 
Mathematical statistics, three hours ; Seminar, two hours ; 
Proseminar, one hour.—By Professor G. Koun: Synthetic 
geometry, four hours: Exercisesin synthetic geometry, one 
hour.—By Dr. V. Sersawy : Lectures on the mathematics of 
insurance, three hours. By Dr. A. TauByer: Elements of 
descriptive geometry, three hours ; Mathematics of insur- 
ance, four hours ; Exercises on the preceding course, two 
hours.—By Dr. K. ZrinpLeR : Differential geometry of space 
curves, one hour; Introduction to H. Schubert’s Calculus 
of enumerative geometry, one hour.—By Dr. E. BLascHke : 
Introduction to mathematical statistics, two hours.—Dr. 
K. Zsicmonpy: Eulerian integrals, one hour; Surfaces of 
second order, one hour.—By Dr. R. D. v. SteRNEcK : Prime 
numbers, one hour ; Theory of complex numbers composed 
of roots of unity, one hour. 


THE proposal to place in Corsock Parish Church, by half- 
guinea subscriptions, a memorial window in memory of Pro- 
fessor James CLERK MAxwELt has already been referred to 
in these columns. We learn from Nature that, to complete 
the window, forty pounds sterling more will be required. 
Subscriptions may be sent to Reverend George Sturrock, 
The Manse, Corsock, by Dalbeattie, N. B. 


Proressor G. BoHLMANN has prepared for the sixth vol- 
ume (1899) of the proceedings of the German mathematical 
association a report on the most important text-books on 
the infinitesimal calculus from Euler to the present time. 


THE Revue scientifique of date March 25th, 1899, contains 
articles on |’ Enseignement des mathématiques, by M. E. Du- 
cLAUXx, and on I’Initiation mathématique, by M. Latsanr. 


Tue first number of the current volume (the second) of 
the Bolletino di bibliografia e storia delle scienze matematiche has 
a bibliographical article by R. Bonoxa on the foundations 
of geometry in relation to the non-euclidean geometry. 


Proressor J. BousstnEsq contributes a memoir on the 
theory of the bicycle to the last number (the first number 
of the fifteenth volume) of Liouville’s Journal, and Mr. F. 
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J. W. Wuippte describes the stability of a bicycle’s motion 
in the March number of the Quarterly Journal of pure and 
applied mathematics. 


Dr. F. Encet has been promoted to the rank of ordinary 
honorary professor at the University of Leipzig, and Dr. 
G. Scuerrers has received the same title at the Technische 
Hochschule of Darmstadt. Dr. A. Gurzmer, of Halle, has 
been made assistant professor of mathematics at the Uni- 
versity of Jena. 


Dr. C. E. St. Joun has been elected professor of physics 
and astronomy in Oberlin College. Dr. M. B. Porter, of 
the University of Texas, has been appointed instructor in 
mathematics at Yale University. 


Dr. L. E. Dickson has been promoted to an assistant pro- 
fessorship of mathematics at the University of California. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


BAIRE (R.). Sur les fonctions de variables réelles. [Diss.] Milan, 
Bernardoni de C. Rebeschini, 1899. 4to. 123 pp. 

BoHLMANN (G.). Uebersicht iiber die wichtigsten Lehrbiicher der In- 
finitesimalrechnung (Jahresbericht der Deutschen Mathematiker- 
Vereinigung, Band VI.). 

—See SERRET (J. A.). 

BortTo.orti (E.). Sulla convergenza degli algoritmi periodici e sulla 
risoluzione approssimata delle equazioni algebriche. Bologna, 
velli, 1898. 8vo. 13 pp. 

BropDEN (T.). Ueber Grenzwerte der Reihenquotienten. Stockholm, 
1897. 8vo. 49 pp. M. 2.40 


Bucnnotz (A.). Ein Beitrag zur Mannigfaltigkeitslehre. Mannig- 
faltigkeiten, deren Linienelemente auf die Form 


ds = f(V 
gebracht werden konnen. Bonn, 1899. 8vo. 6 and 264 pp. M. 7.00 
ENGEL (F.). See LOBATSCHEFSKIJ (N. J.). 


Franz (C.). Untersuchungen iiber die lineare homogene Differential- 
gleichungen zweiter Ordnung der Fuchs’schen Klasse mit drei im 
Endlichen gelegenen singularen Stellen. [Diss.] Berlin, Mayer 
and Miller, 1898. 4to. 39 pp. "M. 2.00 


HARNACK (A.). See SERRET (J. A.). 


KorNAKOFF (W.). Deformation of plane surfaces. St. eT 
1898. 8vo. 110 pp. ( Russian.) M. 3.00 
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LOBATSCHEFSEIJ (N.J.). Zweigeometrische Abhandlungen. Ausdem 
Russischen iibersetzt, mit mor und mit einer Biographie 
des Verfassers von F. Engel. (Zwei Theile: I. Die Uebersetzung ; 
II. Anmerkungen. Lobatschefskij’s Leben und Schriften. Reg- 

ister.) Leipzig, Teubner, 1899. 8vo. 16 and 476 pp. with por- 

trait. M. 14.00 

LonacuampPs (G. DE). Cours de problémes de géométrie analytique, a 
l’usage des candidats 4 1’Ecole navale, 4 1’Ecole centrale et a 1’Ecole 
polytechnique. Tome 3: Géométrie 4 trois dimensions. Paris, 
Delagrave, 1899. 8vo. 12 and 83 pp. 


McCorMAcK (T. J.). See SCHUBERT (H.). 


ScHAPER (H. v.). Ueber die Theorie der Hadamard’schen Functionen 
und ihre Anwendung auf das Problem der Primzahlen. Gottingen, 
1899. 8vo. 9 and 68 pp. M. 1.50 


ScHUBERT (H.). Mathematical essays and recreations ; from the Ger- 
man by T. J. McCormack. Chicago, Open Court Publishing Com- 
pany, 1898. 8vo. 4 and 149 pp. $.75 


SERRET (J. A.). Lehrbuch der Differential- und Integral-Rechnung. 
Uebersetzt von A. Harnack. Zweite, durchgesehene Auflage, her- 
ausgegeben von G. Bohlmann (3 Bande). Band II.: Integral- 
Rechnung. Leipzig, Teubner, 1899. 8vo. M. 8.00 


Il. ELEMENTARY MATHEMATICS. 

BAILEY (M. A.). See WIEMER (F. M.). 

BARREAU et LELARGE. Arithmétique, calcul mental, systéme métrique 
et géométrie (cours du certificat d’ études). Quatorze cent dix ex- 
ercices et problémes; problémes donnés aux examens. Livre du 
maitre. Paris, Picard et Kaan, 1899. 16mo. 344 pp. F. 2.50 

BoéuM (J.). Die zeichnende Geometrie (Linearzeichnen). Vorschule 
fiir Geometrie und technisches Zeichnen. Vierte Auflage. Nirnberg, 


1899. 8vo. 8and 100 pp. M. 1.80 
Evans (G. W.). Algebra for schools. New York, Holt and Co., 1899. 
12mo. 4and 433 pp. Half leather. $1.12 


F. J. Eléments de géométrie comprenant des notions sur les courbes 
usuelles, un complement sur le déplacement des figures et de nom- 
breux exercices. 10°édition. Paris, Poussielgue, 1899. 16mo. 11 
and 525 pp. 

GERARD (L.). See NIEWENGLOWSKI (B.). 

GRACE (G.). Twenty-four test papers in practical plane and solid ge- 
ometry (science subject 1), elementary stage. London, Macmillan, 
1899. Packet. 28. 

HERCHER. Lehrbuch der Geometrie nach den neuen Lehrplinen bear- 
beitet. Vierte, verbesserte Auflage. 3 Theile. Leipzig, 189%. 
8vo. 84, 56 and 67 pp. M. 3.50 

LELARGE. See BARREAU. 

NIEWENGLOWSKI (B.) et GERARD (L.). Cours de géométrie élémen- 
taire, 4 l’usage des classes de lettres (géométrie plane). Paris, Carré 
et Naud, 1898. 8vo. 12 and 1€7 pp. 

NocIonEs elementales de geometria aplicadas al dibujo lineal, seguidas 
de las soluciones y respuestas ; por los Hermanos de las escuelas 
cristianas. Tours, Mame, 1899. 16mo. 144 pp. 
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WIEMER (F. M.)and BAILEY (M.A.). First book in arithmetic ; num- 
1 to 100. New York, American Book Co., 1899. 16mo. 96 pp. 
$ .20 20 


—Second book in arithmetic ; numbers 1 to 100,000,000. New York, 
American Book Co., 1899. "16mo. 176 pp. $ .30 


III. APPLIED MATHEMATICS. 
AtTwoop (E. L.). Text book of theoretical naval architecture. London, 


Longmans, 1899. 8vo. 300 pp. 7s. 6 d. 
BOLTZMANN (L.). Vorlesungen tiber Gastheorie. 2 Theile: Theorie 
van der Waals ; Gase mit z tzten Molekiilen, Gas*disso- 
ciation. Schlussbemerkungen. Leipzig, J. A. Barth, 1899. 8vo. 
10 and 265 pp. M. 7.00 


CATCHPOOL (E.). A text book of sound with numerous diagrams and 
examples. New York, C. Scribner’s Sons, 1899. 12mo. 203 pp. 
$1.40 


DANIELS (M.F.). Elektrizitat und Magnetismus. Autorisirte deutsche 
Bearbeitung von A. Gockel. Freiburg (Schweiz), Universitats- 
Buchhandlung, 1899. 8vo. 4 and 307 pp. M. 4.50 


GocKEL (A.). See DANIELS (M. F.). 
HERRMANN (G.). See WEISBACH (J.). 


Joat (A.). Tables géodésiques pour diviser rapidment et avec précision 
les immeubles territoriaux. Précédées de exposé de la méthode 
analytique qui a servi 4 leur construction, de l’instruction concern- 
ant leur usage, ete. Saint-Vit, 1898. 8vo. 36 and 238 pp. 


Kempe (H.R.). Engineer’s year-book of formule, rules, tables, data, 
and memoranda in civil], mechanical, electrical, marine and mine 
engineering. 6th year. London, Lockwood, 1899. 8vo. 668 pp. 
900 illustrations. 8s. 


Loney (S. L.). Solutions of examples in elements of statics and dy- 
namics. Second edition. London, Clay, 1899. 12mo. 7s. 6d. 


MARTIN (W. R.). A treatise on navigation and nautical astronomy. 
Third edition, revised. London, Longmans, 1899. 8vo. 446 pp. 
18s. 


MILLAR (J. B.). Elements of descriptive geometry. Third edition. 
London, 1899. 8vo. 216 pp. 6s. 


PELENKIN (A. P.). Rational theory of business arithmetic. St. Peters- 
burg, 1898. 8vo. 144 pp. (Russian. ) M. 8.00 


PescHKA (G. A. V.). Darstellende und projective Geometrie nach dem 
gegenwartigen Stande dieser Wissenschaft. Zweite, umgearbeitete 
und erweiterte Auflage (4 Binde). Band I. Vienna, 1899. 8vo. 

M. 14.00 

PoIncARE (H.). Sur les propriétés du potentiel et sur les fonctions abé- 

liennes. (Acta Mathematica.) Stockholm, 1898. 4to. 90 pp. 


WAALS (J. D. v. D.). Die Continuitat des gasfirmigen und fliissigen 
Zustandes. Zweite Auflage (2 Theile). Theil I. Leipzig, 1899. 
8vo. 8 and 182 pp. M. 4.00 


WAWRZIK (E.). Ueber die Methoden zur Bestimmung der mittleren 
Dichtigkeit der Erde. Oppeln, 1898. 4to. 34 pp. M. 1.80 
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WE!IsBAcH (J.). Lehrbuch der Ingenieur- und Maschinen-Mechanik. 
(In 3 Theilen.) Theil III.: Die Mechanik der Zwischen- und Arbeite- 
maschinen. Zweite, umgearbeitete und vervollstandigte Auflage, 
bearbeitet von G. Hermann. Abtheilung 3: Die Maschinen zur 
Formveranderung Lieferungen 17-19. Braunschweig, 1899. 8vo. 
pp. 1549 to 1864. M. 8.50 


WEIsSTEIN(J.). Die rationelle Mechanik. Band II.: Dynamik der Sys- 
teme ; Statik und Dynamik fliissiger Kérper. Vienna, 1899. 8vo. 
8 and 255 pp. M. 7.00 


WILLsoN (F.N.). Theoretical and practical graphics. Part 3: Some 
mathematical curves and their graphical constructions. Part 5: 
Shades, shadows and linear perspective. New York, The Macmillan 
Company, 1899. 4to. Part 3. $1.50 

Part 5. $1.00 


Youne (T. E.). On centenarians and the duration of the human race. 
A fresh and authentic enquiry with historical notes, criticisms and 
speculations. London, 1899. 8vo. 
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